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Abstract: In this paper, we study the concept of asymptotically statistical equiv-
alent sequences with sequences of functions defined on a common domain. The
literature provides a deeper understanding of non-negative sequences of real func-
tions in the context of asymptotic analysis. We introduced asymptotically statis-
tical equivalent sequences of functions of multiple o with some novel examples. In
addition, certain essential theorems and corollaries are investigated.
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1. Introduction

In 1993, Marouf [6] first gave the theory of asymptotically equivalent sequences
of nonnegative numbers and introduced the notion of the behavior of the corre-
sponding terms in two sequences when the sequences increase indefinitely, includ-
ing the summability method. Later, in 2003, Patterson [11] presented analogous
definitions of the study of [6] and merged the concepts with the topic of statisti-
cal convergence and presented necessary and sufficient conditions for the matrix
summability (for recent developments in the theories related to statistical conver-
gence, one may see [3], [7], [8]). In 2006, Patterson [10] restudied the theory and
explored asymptotically lacunary statistical equivalent sequences. The theory be-
ing discussed is an open area of ongoing research, several authors have published
their findings on the topic from their own perspective in recent years. To capture
the evolution of the theory, one may see ([1], [2], [4], [5], [9], [12], [13], [14]).

The current work combines the idea of asymptotic equivalence with the topic
of sequences of non-negative functions defined in a common domain. The study
examines the behavior of the corresponding terms of the sequence and how they
coincide with each other after a certain stage, that is, the difference between them
becoming negligible as the sequences spread indefinitely for each variable in the
considered domain.

The current study may help us to deal with a sequence that is very difficult to
understand directly, but the sequences may be examined by comparing them with
other sequences whose terms coincide with the corresponding terms of the original
sequence with some multiple a.

In mathematical analysis and other scientific fields both pointwise and uniform
convergence of the sequence of functions < f,(z) >,> for x € D play important
roles. However, The pointwise convergence of a sequence of functions is the main
source of motivation for the current discussion, which focuses on sequences of two
nonnegative function at one stage, generalizes the concept of pointwise convergence
with asymptotical equivalent sequences of a given multiple, moreover the literature
presents geometrical conditions, including some important theorems concerning
asymptotically statistically equivalent sequences of functions.

2. Definitions and notations

Definition 2.1. [11] Two non-negative sequences u = (up),~, and v = (v,), -, are

called asymptotically equivalent if
lim 2 =1 (2.1)

n—00 Up

The case is stated as u ~ v.
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Definition 2.2. [11] Two non-negative sequences u = (un),~, and v = (v,),, are
called asymptotically equivalent of multiple o > 0 if

lim = = o (2.2)

n—00 Up

. S
The case is stated as u ~ v.

Definition 2.3. [3] The sequence u = (uy),,, is called statistically convergent to
limat | of for every e >0

1
lim E|{p <n:lu,—Il]>€e}=0 (2.3)
or §(E) = 0 where
E={p:|u,—1| > ¢} (2.4)

d(E) is the natural density of the set E. (for details, see [3])
We now extend the study of ([11]) to sequences of functions and present analogous
definitions of the findings of ([11]).

Definition 2.4. Let f = (f.(7)),>, and g = (gu(7)), >, be two sequences of non-
negative function defined on common domain D = Dy D,, then the sequences are
said to be asymptotically equivalent if

lim fn(2)
n—o0 g, ()

=1 foreach x €D (2.5)

symbolically, we denote it by f ~ g.

Definition 2.5. Let f = (fu(7)),>, and g = (gu(%)), 5, be two sequences of non-
negative function defined on common domain D = Dy D,, then the sequences are
said to be asymptotically equivalent of multiple o if

lim fn(2)
n—o0 g, ()

=a  foreach x €D (2.6)

symbolically, we denote it by f 2 g.

Example 2.1. Let f =< f,(x) > where f,(z) = 2" —2nz; z > 1 & g =<
gn(z) >3 gn(x) =2, x> 1then f ~ g. Since
fn(x) " — 2nx

lim =lim —— = 1-0=1 forevery z>1
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Definition 2.6. Two sequences of functions f =< fn(x) >p>1 and g =< g, () >n>1
are said to be statistically asymptotically equivalent in domain D if for every e > 0
& for every x € D

fn

——1‘>5}:0 (2.7)

5{n€N:
gn

Symbolically, the case is indicated by f z qg.
Example 2.2. Let f =< f,(z) >,>1 and g =< g,(z) >,>1 where

e s x>0 @ n#£k?
P@=qe (29
n
and
e +nr ; x>0 : n#k?
gn(x) = X C o= k2
2n+1
for x > 0;
¢ . >0 n# k2
f(:l:) et + nx
lim n( ):hm (2.9)
n—oo g, (T n—o00
g 2l e
n
1y o n#R (2.10)
2 :on=k? '
for any ¢ > 0
E:{nEN:&—1‘>6}:{n:k2:&—1‘>5}and5(E):0 (2.11)
Gn gn

= f~ag.
3. Main Results
In this section, we examine the following theorems that are fundamental for

further study of the topic. We have established some original theorems and corol-
laries to show the relationship between the findings.

Theorem 3.1. If two sequences f =< fn(x) >,>1 and g =< g,(z) >,>1 of func-
tions defined in some domain D are asymptotically equivalent, then lim,, .o f, =
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lim,, .o g in D but the converse need not be true.
Proof. Given that f ~ g, i.e. V ¢ > 0 there exist ny € N such that for every

n > Ny
E—l‘ < ¢ for everyx € D (3.1)
In
For n > ng, we have
| fo — gnl = |9nl &—1‘ < |gn| € for every x € D (3.2)
In
We now choose € > 0 such that € < ﬁ; (gn # 0) then
9n
|fn — gn| < e for every z € D (3.3)
= lim f, = lim g, (3.4)
n—oo n—oo

Conversely,
For the converse part, we consider an example. Let f,(x) =< 2™ > ; x € (0,1) and

gn(z) =< s ; ¢ € (0,1) here, we observe that lim, . f, = lim, o g, = 0 but
n

= lim na™! = 0. (3.5)

n—oo

. In .
lim — = lim
n—oo gn n—oo

SRS

Definition 3.1. Two non-negative sequences of the function f =< f,(z) > &
g =< gn(x) > on a domain D are said to be statistically equivalent of multiple o;

if for every e >0
6({neN: Jn >5})=0 (3.6)

— -«
In

Theorem 3.2. For two non-negative sequences of functions f =< f,(z) > and

g =< gn(x) > defined on domain D and for two positive scalars o and  and for

each x € D; the following are equivalent

we denote it by f % g.

Sa/p
1. f ~ g
2. fsi\/fiag

3. Bf ~ ag
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S
~Y

Q |~
e

4.

Proof. Let us assume (1) holds, that is, for every £ > 0, and for every x € D

sef) =0

gn B

i ({n:

fa 1‘ } { fo
Now,sn:|———=|>cp, Cin:|———=|>¢
{ agn B g B
Thus (2) holds.
Again, (2) = (3)
By (2), ;
1
S (n:|———=|>ep | =
({25
1
{n: ﬁ—— >5}Q{n: %—1‘>ﬁ5}
agn Gn
choose ' = B¢
— 5({71: 5fn—1‘ >€/}) =0
Qgn
Hence (3) holds.
Again, (3) = (4)
Since, for any € > 0 & for every x € D
fn
n: g&—l > e :{n: %—1 >5}
Al aGn
5
Thus (4) holds.
(4) = (1) for any € > 0, we have
!
!
g—]_ > €
g
fn fn (0% o
— | —a|>as or |———|>—¢
% gn Bl P
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(3.7)

(3.11)

(3.12)

(3.13)
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In
fn o « o

choose ¢’ such that és/ = ¢ and it was arbitrary. This implies that for every & > 0

(6]
b ({n : > ¢ }) =0 (3.15)
Finally, (1) holds.

Theorem 3.3. Let f =< f,(x) >, g =< gn(x) > and h =< h,(x) > be three non-
negative sequences of functions defined on domain D such that f ~ g and g ~ h
then f < h.

Proof. Since f~g this implies that for every e; > 0, g5 > 0 and for every x € D,

we have
5({n: g—n—l >51}) =0 (3.16)

5({n: i—’;—1 >52}) =0 (3.17)

choose € = min {1, &5}, then
&—1’ >51}U{n:
Gn

{n: %—1‘>5}§{n:
‘o))
n

o) so(fo
+5<{n: 2—2—1’>52}) =0 (3.19)

f~h (3.20)
Theorem 3.4. Let f =< fu(z) >, g =< gn(x) >p>1 and h =< hy(x) >,>1 be

non-negative sequences of functions defined in D such that f % g and g 2 b then

o«

g B

> 52} (3.18)

This yields

for any two positive real numbers o and (3; f .
Proof. We are given that f % ¢ implies that f ~ ag and ¢ < h implies that
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g ~ Bh (see theorem 3.2) for any positive scalar o, we have ag ~ afSh. (By the
previous theorem 3.3), f ~ ag and ag ~ afh.

Hence f ~ afh this gives f 0 h.

Theorem 3.5. If f =< f.(z) >, g =< gu(z) > and h =< h,(z) > are non-

negative sequences of functions defined on a common domain D. If for two real

positive scalars o and 3, f = h and g 2 h then f+yg 2 .

Proof. We have f % h and g < h this implies that for any €; > 0 and g5 > 0 and

for each z € D
5({n: }J:—n—a >51}) =0 (3.21)

5<{n: Z—:—B >52}) - (3.22)

choose € = min {e1,e2} then

and

{n: @—(a+ﬁ)‘>5}g{n: 5—"—04 >51}U{n: Z—"—ﬁ >52}
(3.23)
— 6({n: fn}j—gn—(a—l—ﬂ) >6}>§5({n: ;—n—a >£1})
—|—5({n: ‘Z—n—ﬁ‘>52}> (3.24)
:>5({n: @—(&+ﬁ)‘>8}):0 (3.25)
— f+g R h

Theorem 3.6. If f =< f,(z) >,>1 and g =< gn(x) > are the two positive and
bounded sequences of functions defined in a common domain D such that for a

S 1 S1/a
positive scalar a; [~ g then ? 2

Proof. Given, f % g therefore for every € > 0 and for each z € D

s({ni [l al ) =0 (3.26)
s ={n:

9n
Now, for g1 > 0

(3.27)

fn a' > 04€1|fn|}

g |gn|
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Since the sequences < f, > and < g, > are bounded in their domain, we can

therefore find the numbers M; and M, such that |f,| < M; and |g,| < M, for each

81|O[|M

x. We choose € > 0 such that ¢ < L then for arbitrary €1, we have

{n

J

2
— -«

> 51} - {n : > 5} (3.28)
9n
Hence, — ~ —.

> 51}) =0 (3.29)
[y

Corollary 3.1. If f =< f¥x) >; k =1,2,3,..p and h =< h,(x) > are non-
negative sequences of functions defined in a common domain D such that for positive

p p
scalars oy k=1,2,3,..p fu ~ h then ka S h ; where o = Zak.
k=1 k=1
Proof. We use the induction method to prove it

By “Theorem 3.5” we have

1 Sl/a 1

fitfo "R (3.30)
Let this be true for k = m, then
f=fitfot fatot fu X h (3.31)
where Q=1 +astaz+ .. +an,
Now, for k =m + 1,
ot fu = (3.32)

p p
:>ka§311; a:Zak.
k=1 k=1

Corollary 3.2. If f =< f¥(z) >; k =1,2,3,...p be the 'p’, non-negative sequences
of functions defined in a common domain D, such that for positive scalars ay;
k=1,2,3,...(p —1);

p—1
fi N iy §=123,.(p—1) then fi % f, where o = [ [ o
j=1

Proof. The proof of this corollary is a direct consequence of the “Theorem 3.4”
(which can also be proved using the induction method).
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4. Conclusion

We have presented analogous definitions with some original results of the def-
initions explored in [6]. We also analyzed the original theorems and corollaries,
including primary results in the context of sequences of functions defined on a
common domain. Our discoveries generalized the theory of asymptotically sta-
tistical equivalent sequences for sequences of functions that are essential for the
continued study of the concepts discussed in [6], [9], [11]).
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