
South East Asian J. of Mathematics and Mathematical Sciences
Vol. 22, No. 1 (2026), pp. 149-160

DOI: 10.56827/SEAJMMS.2026.2201.11 ISSN (Online): 2582-0850

ISSN (Print): 0972-7752

ON ASYMPTOTICALLY STATISTICAL EQUIVALENT
SEQUENCES OF FUNCTIONS

Shailendra Pandit, Ritik Kumar* and Ayhan Esi**

Department of Science and Humanities,
Government Engineering College Arwal,
Shivpur, Pahleja - 804409, Bihar, INDIA

E-mail : shailendrap.phd19.ma@nitp.ac.in

*Department of Basic Science and Humanities,
Government Polytechnic College Jehanabad,

Sultanpur, Makhdumpur - 804405, Bihar, INDIA

E-mail : rk3970416@gmail.com

**Engineering Faculty,
Basic Eng. Sci.,(Math. Sect,)

Malatya Turgut Ozal University, Malatya - 44040, TURKEY

E-mail : aesi23@hotmail.com

(Received: Oct. 06, 2025 Accepted: Mar. 16, 2026 Published: Apr. 30, 2026)

Abstract: In this paper, we study the concept of asymptotically statistical equiv-
alent sequences with sequences of functions defined on a common domain. The
literature provides a deeper understanding of non-negative sequences of real func-
tions in the context of asymptotic analysis. We introduced asymptotically statis-
tical equivalent sequences of functions of multiple α with some novel examples. In
addition, certain essential theorems and corollaries are investigated.
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1. Introduction
In 1993, Marouf [6] first gave the theory of asymptotically equivalent sequences

of nonnegative numbers and introduced the notion of the behavior of the corre-
sponding terms in two sequences when the sequences increase indefinitely, includ-
ing the summability method. Later, in 2003, Patterson [11] presented analogous
definitions of the study of [6] and merged the concepts with the topic of statisti-
cal convergence and presented necessary and sufficient conditions for the matrix
summability (for recent developments in the theories related to statistical conver-
gence, one may see [3], [7], [8]). In 2006, Patterson [10] restudied the theory and
explored asymptotically lacunary statistical equivalent sequences. The theory be-
ing discussed is an open area of ongoing research, several authors have published
their findings on the topic from their own perspective in recent years. To capture
the evolution of the theory, one may see ([1], [2], [4], [5], [9], [12], [13], [14]).

The current work combines the idea of asymptotic equivalence with the topic
of sequences of non-negative functions defined in a common domain. The study
examines the behavior of the corresponding terms of the sequence and how they
coincide with each other after a certain stage, that is, the difference between them
becoming negligible as the sequences spread indefinitely for each variable in the
considered domain.

The current study may help us to deal with a sequence that is very difficult to
understand directly, but the sequences may be examined by comparing them with
other sequences whose terms coincide with the corresponding terms of the original
sequence with some multiple α.

In mathematical analysis and other scientific fields both pointwise and uniform
convergence of the sequence of functions < fn(x) >n≥1 for x ∈ D play important
roles. However, The pointwise convergence of a sequence of functions is the main
source of motivation for the current discussion, which focuses on sequences of two
nonnegative function at one stage, generalizes the concept of pointwise convergence
with asymptotical equivalent sequences of a given multiple, moreover the literature
presents geometrical conditions, including some important theorems concerning
asymptotically statistically equivalent sequences of functions.

2. Definitions and notations

Definition 2.1. [11] Two non-negative sequences u = ⟨un⟩n≥1 and v = ⟨vn⟩n≥1 are
called asymptotically equivalent if

lim
n→∞

un

vn
= 1 (2.1)

The case is stated as u ∼ v.



On Asymptotically Statistical Equivalent Sequences of Functions 151

Definition 2.2. [11] Two non-negative sequences u = ⟨un⟩n≥1 and v = ⟨vn⟩n≥1 are
called asymptotically equivalent of multiple α > 0 if

lim
n→∞

un

vn
= α (2.2)

The case is stated as u
sα∼ v.

Definition 2.3. [3] The sequence u = ⟨un⟩n≥1 is called statistically convergent to
limit l if for every ϵ > 0

lim
n→∞

1

n
|{p ≤ n : |up − l| > ϵ}| = 0 (2.3)

or δ(E) = 0 where
E = {p : |up − l| > ϵ} (2.4)

δ(E) is the natural density of the set E. (for details, see [3])
We now extend the study of ([11]) to sequences of functions and present analogous
definitions of the findings of ([11]).

Definition 2.4. Let f = ⟨fn(x)⟩n≥1 and g = ⟨gn(x)⟩n≥1 be two sequences of non-
negative function defined on common domain D = Df ∩Dg, then the sequences are
said to be asymptotically equivalent if

lim
n→∞

fn(x)

gn(x)
= 1 for each x ∈ D (2.5)

symbolically, we denote it by f ∼ g.

Definition 2.5. Let f = ⟨fn(x)⟩n≥1 and g = ⟨gn(x)⟩n≥1 be two sequences of non-
negative function defined on common domain D = Df ∩Dg, then the sequences are
said to be asymptotically equivalent of multiple α if

lim
n→∞

fn(x)

gn(x)
= α for each x ∈ D (2.6)

symbolically, we denote it by f
Sα∼ g.

Example 2.1. Let f =< fn(x) > where fn(x) = xn − 2nx; x > 1 & g =<
gn(x) >; gn(x) = xn; x > 1 then f ∼ g. Since

lim
n→∞

fn(x)

gn(x)
= lim

n→∞

xn − 2nx

xn
→ 1− 0 = 1 for every x > 1
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Definition 2.6. Two sequences of functions f =< fn(x) >n≥1 and g =< gn(x) >n≥1

are said to be statistically asymptotically equivalent in domain D if for every ε > 0
& for every x ∈ D

δ

{
n ∈ N :

∣∣∣∣fngn − 1

∣∣∣∣ > ε

}
= 0 (2.7)

Symbolically, the case is indicated by f
st∼ g.

Example 2.2. Let f =< fn(x) >n≥1 and g =< gn(x) >n≥1 where

fn(x) =

{
enx ; x > 0 : n ̸= k2

x

n
; n = k2 (2.8)

and

gn(x) =

{
enx + nx ; x > 0 : n ̸= k2

x

2n+ 1
; n = k2

for x > 0;

lim
n→∞

fn(x)

gn(x)
= lim

n→∞


enx

enx + nx
; x > 0 : n ̸= k2

2n+ 1

n
; n = k2

(2.9)

=

{
1 ; n ̸= k2

2 ; n = k2
(2.10)

for any ε > 0

E =

{
n ∈ N :

∣∣∣∣fngn − 1

∣∣∣∣ > ε

}
=

{
n = k2 :

∣∣∣∣fngn − 1

∣∣∣∣ > ε

}
and δ(E) = 0 (2.11)

=⇒ f ∼ g.

3. Main Results
In this section, we examine the following theorems that are fundamental for

further study of the topic. We have established some original theorems and corol-
laries to show the relationship between the findings.

Theorem 3.1. If two sequences f =< fn(x) >n≥1 and g =< gn(x) >n≥1 of func-
tions defined in some domain D are asymptotically equivalent, then limn→∞ fn =
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limn→∞ gn in D but the converse need not be true.
Proof. Given that f ∼ g, i.e. ∀ ε > 0 there exist n0 ∈ N such that for every
n > n0 ∣∣∣∣fngn − 1

∣∣∣∣ < ε for every x ∈ D (3.1)

For n > n0, we have

|fn − gn| = |gn|
∣∣∣∣fngn − 1

∣∣∣∣ < |gn| ε for every x ∈ D (3.2)

We now choose ε > 0 such that ε <
ε

|gn|
; (gn ̸= 0) then

|fn − gn| < ε for every x ∈ D (3.3)

=⇒ lim
n→∞

fn = lim
n→∞

gn (3.4)

Conversely,
For the converse part, we consider an example. Let fn(x) =< xn > ; x ∈ (0, 1) and

gn(x) =<
x

n
> ; x ∈ (0, 1) here, we observe that limn→∞ fn = limn→∞ gn = 0 but

lim
n→∞

fn
gn

= lim
n→∞

xn

x

n

= lim
n→∞

nxn−1 = 0. (3.5)

Definition 3.1. Two non-negative sequences of the function f =< fn(x) > &
g =< gn(x) > on a domain D are said to be statistically equivalent of multiple α;
if for every ε > 0

δ

({
n ∈ N :

∣∣∣∣fngn − α

∣∣∣∣ > ε

})
= 0 (3.6)

we denote it by f
sα∼ g.

Theorem 3.2. For two non-negative sequences of functions f =< fn(x) > and
g =< gn(x) > defined on domain D and for two positive scalars α and β and for
each x ∈ D; the following are equivalent

1. f
sα/β∼ g

2. f
s1/β∼ αg

3. βf
s∼ αg
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4.
f

α

s∼ g

β

Proof. Let us assume (1) holds, that is, for every ε > 0, and for every x ∈ D

δ

({
n :

∣∣∣∣fngn − α

β

∣∣∣∣ > ε

})
= 0 (3.7)

Now,

{
n :

∣∣∣∣ fnαgn
− 1

β

∣∣∣∣ > ε

}
⊆

{
n :

∣∣∣∣fngn − α

β

∣∣∣∣ > ε

}
Thus (2) holds.
Again, (2) =⇒ (3)
By (2),

δ

({
n :

∣∣∣∣ fnαgn
− 1

β

∣∣∣∣ > ε

})
= 0 (3.8)

& {
n :

∣∣∣∣ fnαgn
− 1

β

∣∣∣∣ > ε

}
⊇

{
n :

∣∣∣∣βfnαgn
− 1

∣∣∣∣ > βε

}
(3.9)

choose ε
′
= βε

=⇒ δ

({
n :

∣∣∣∣βfnαgn
− 1

∣∣∣∣ > ε
′
})

= 0 (3.10)

Hence (3) holds.
Again, (3) =⇒ (4)
Since, for any ε > 0 & for every x ∈ Dn :

∣∣∣∣∣∣∣
fn
α
gn
β

− 1

∣∣∣∣∣∣∣ > ε

 =

{
n :

∣∣∣∣βfnαgn
− 1

∣∣∣∣ > ε

}
(3.11)

Thus (4) holds.
(4) =⇒ (1) for any ε > 0, we have∣∣∣∣∣∣∣

f

α
g

β

− 1

∣∣∣∣∣∣∣ > ε (3.12)

=⇒

∣∣∣∣∣∣∣
fn
g

β

− α

∣∣∣∣∣∣∣ > αε or

∣∣∣∣fngn − α

β

∣∣∣∣ > α

β
ε (3.13)
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=⇒
{
n :

∣∣∣∣fngn − α

β

∣∣∣∣ > α

β
ε

}
⊆

n :

∣∣∣∣∣∣∣
fn
α
gn
β

− 1

∣∣∣∣∣∣∣ > ε

 (3.14)

choose ε
′
such that

β

α
ε
′
= ε and it was arbitrary. This implies that for every ε

′
> 0

δ

({
n :

∣∣∣∣fngn − α

β

∣∣∣∣ > ε
′
})

= 0 (3.15)

Finally, (1) holds.

Theorem 3.3. Let f =< fn(x) >, g =< gn(x) > and h =< hn(x) > be three non-
negative sequences of functions defined on domain D such that f

s∼ g and g
s∼ h

then f
s∼ h.

Proof. Since f∼g this implies that for every ε1 > 0 , ε2 > 0 and for every x ∈ D,
we have

δ

({
n :

∣∣∣∣fngn − 1

∣∣∣∣ > ε1

})
= 0 (3.16)

&

δ

({
n :

∣∣∣∣ gnhn

− 1

∣∣∣∣ > ε2

})
= 0 (3.17)

choose ε = min {ε1, ε2}, then{
n :

∣∣∣∣fnhn

− 1

∣∣∣∣ > ε

}
⊆

{
n :

∣∣∣∣fngn − 1

∣∣∣∣ > ε1

}
∪
{
n :

∣∣∣∣ gnhn

− 1

∣∣∣∣ > ε2

}
(3.18)

=⇒ δ

({
n :

∣∣∣∣fnhn

− 1

∣∣∣∣ > ε

})
≤ δ

({
n :

∣∣∣∣fngn − 1

∣∣∣∣ > ε1

})
+ δ

({
n :

∣∣∣∣ gnhn

− 1

∣∣∣∣ > ε2

})
= 0 (3.19)

This yields

f
s∼ h. (3.20)

Theorem 3.4. Let f =< fn(x) >, g =< gn(x) >n≥1 and h =< hn(x) >n≥1 be

non-negative sequences of functions defined in D such that f
sα∼ g and g

sβ∼ h then

for any two positive real numbers α and β; f
sαβ∼ h.

Proof. We are given that f
sα∼ g implies that f ∼ αg and g

sβ∼ h implies that
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g ∼ βh (see theorem 3.2) for any positive scalar α, we have αg ∼ αβh. (By the
previous theorem 3.3), f ∼ αg and αg ∼ αβh.

Hence f ∼ αβh this gives f
sαβ∼ h.

Theorem 3.5. If f =< fn(x) >, g =< gn(x) > and h =< hn(x) > are non-
negative sequences of functions defined on a common domain D. If for two real

positive scalars α and β, f
sα∼ h and g

sβ∼ h then f + g
sα+β∼ h.

Proof. We have f
sα∼ h and g

sβ∼ h this implies that for any ε1 > 0 and ε2 > 0 and
for each x ∈ D

δ

({
n :

∣∣∣∣fnhn

− α

∣∣∣∣ > ε1

})
= 0 (3.21)

and

δ

({
n :

∣∣∣∣ gnhn

− β

∣∣∣∣ > ε2

})
= 0 (3.22)

choose ε = min {ε1, ε2} then{
n :

∣∣∣∣fn + gn
hn

− (α + β)

∣∣∣∣ > ε

}
⊆

{
n :

∣∣∣∣fngn − α

∣∣∣∣ > ε1

}
∪
{
n :

∣∣∣∣ gnhn

− β

∣∣∣∣ > ε2

}
(3.23)

=⇒ δ

({
n :

∣∣∣∣fn + gn
hn

− (α + β)

∣∣∣∣ > ε

})
≤ δ

({
n :

∣∣∣∣fngn − α

∣∣∣∣ > ε1

})
+ δ

({
n :

∣∣∣∣ gnhn

− β

∣∣∣∣ > ε2

})
(3.24)

=⇒ δ

({
n :

∣∣∣∣fn + gn
hn

− (α + β)

∣∣∣∣ > ε

})
= 0 (3.25)

=⇒ f + g
sα+β∼ h.

Theorem 3.6. If f =< fn(x) >n≥1 and g =< gn(x) > are the two positive and
bounded sequences of functions defined in a common domain D such that for a

positive scalar α; f
sα∼ g then

1

f

s1/α∼ 1

g
.

Proof. Given, f
sα∼ g therefore for every ε > 0 and for each x ∈ D

δ

({
n :

∣∣∣∣fngn − α

∣∣∣∣ > ε

})
= 0 (3.26)

Now, for ε1 > 0 {
n :

∣∣∣∣gnfn − 1

α

∣∣∣∣ > ε1

}
=

{
n :

∣∣∣∣fngn − α

∣∣∣∣ > αϵ1|fn|
|gn|

}
(3.27)
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Since the sequences < fn > and < gn > are bounded in their domain, we can
therefore find the numbers M1 and M2 such that |fn| ≤ M1 and |gn| ≤ M2 for each

x. We choose ε > 0 such that ε <
ε1|α|M1

M2

then for arbitrary ε1, we have{
n :

∣∣∣∣gnfn − 1

α

∣∣∣∣ > ε1

}
⊆

{
n :

∣∣∣∣fngn − α

∣∣∣∣ > ε

}
(3.28)

=⇒ δ

({
n :

∣∣∣∣gnfn − 1

α

∣∣∣∣ > ε1

})
= 0 (3.29)

Hence,
1

f

s1/α∼ 1

g
.

Corollary 3.1. If fk =< fk
n(x) >; k = 1, 2, 3, ...p and h =< hn(x) > are non-

negative sequences of functions defined in a common domain D such that for positive

scalars αk; k = 1, 2, 3, ...p fk
sαk∼ h then

p∑
k=1

fk
sα∼ h ; where α =

p∑
k=1

αk.

Proof. We use the induction method to prove it
By “Theorem 3.5” we have

f1 + f2
sα1+α2∼ h (3.30)

Let this be true for k = m, then

f = f1 + f2 + f3 + ...+ fm
s
α
′

∼ h (3.31)

where α
′
= α1 + α2 + α3 + ...+ αm

Now, for k = m+ 1,

f + fm+1 =
s
α
′
+αm+1∼ h (3.32)

=⇒
p∑

k=1

fk
sα∼ h; α =

p∑
k=1

αk.

Corollary 3.2. If fk =< fk
n(x) >; k = 1, 2, 3, ...p be the ’p’, non-negative sequences

of functions defined in a common domain D, such that for positive scalars αk;
k = 1, 2, 3, ....(p− 1);

fj
sαj∼ fj+1; j = 1, 2, 3, ....(p− 1) then f1

sα∼ fp where α =

p−1∏
j=1

αj

Proof. The proof of this corollary is a direct consequence of the “Theorem 3.4”
(which can also be proved using the induction method).
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4. Conclusion
We have presented analogous definitions with some original results of the def-

initions explored in [6]. We also analyzed the original theorems and corollaries,
including primary results in the context of sequences of functions defined on a
common domain. Our discoveries generalized the theory of asymptotically sta-
tistical equivalent sequences for sequences of functions that are essential for the
continued study of the concepts discussed in [6], [9], [11]).
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